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This paper discusses distributed PCA algorithms that are amenable when data are
distributively acquired without communicating and accessing the entire data set locally.
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ABSTRACT | Principal component analysis (PCA) is a funda-
mental primitive of many data analysis, array processing, and
machine learning methods. In applications where extremely
large arrays of data are involved, particularly in distributed
data acquisition systems, distributed PCA algorithms can har-
ness local communications and network connectivity to over-
come the need of communicating and accessing the entire
array locally. A key feature of distributed PCA algorithm is that
they defy the conventional notion that the first step toward
computing the principal vectors is to form a sample covari-
ance. This paper is a survey of the methodologies to perform
distributed PCA on different data sets, their performance, and
of their applications in the context of distributed data acquisi-
tion systems.
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I. OVERVIEW

Distributed algorithms have a long history. In recent years,
they have gained prominence in light of the end of Moore’s
law scaling and the seemingly exponential growth in data
to analyze, due to the latest incarnation of networked
technologies from social mobile media to the Internet of
Things. This backdrop has sparked significant advances
over the last decades on multiagent signal processing algo-
rithms. In contrast to their centralized counterparts, these
algorithms require the participating agents, i.e., nodes in
the network, to make use of their local processing power
and the ability to communicate with each other by message
passing, with the goal of tackling a common optimization
problem.

In this context, a pervasive primitive in machine learning
and sensor array processing is the computation of the prin-
cipal components from the covariance matrix of several
data streams. The goal of this paper is to survey distrib-
uted algorithms in principal component analysis (PCA),
which has wide applications in areas of communications,
network, data mining, and machine learning [1]-[3]. Gen-
erally speaking, PCA is a statistical procedure that converts
a set of high-dimensional samples into a set of features that
represent the data in a lower dimensional space spanned
by the principal components. Since its first appearance
in the seminal 1901 paper by Karl Pearson [4], PCA has
evolved into various forms that fit different applications.
The distributed PCA algorithms we review in this paper
leave a residual relative to the original data set that is
minimum in the least square sense, i.e., with the minimum
Euclidean norm. This is the most common version of
PCA employed in signal processing and data science. The
solution found by the PCA problem(s) is widely applied
in dimensionality reduction and to cluster large amount of
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Fig. 1. Example of distributed PCA with DCO data. In this
illustration, each agent is a computer server gathering data locally
from the users that it serves, organized through partitions by the

[Global principal subspace U*]

columns.

data into groups via spectral clustering [5], to classify word
documents [6], and for beam-forming in array processing
[1], [2]. We refer the reader to [3] for a comprehensive
survey of PCA applications.

The main goal of this review is to explain how dis-
tributed storage and computation systems can be used to
implement PCA. Next, we classify these algorithms based
on the way the data are partitioned and the communica-
tions are structured in the network.

A. The Family of Distributed PCA Algorithms

The distributed PCA algorithms in the literature fall
into different design classes, that respond to: 1) how the
data are divided in the network, i.e., the data model in
real applications; and 2) how the communication and
computations among the different agents (or workers)
are structured, namely a hierarchical architecture versus
a totally flat architecture based on message passing. We
discuss where these different settings arise in the next two
subsections, differentiating between the data partition and
communication model, respectively.

1) Data Model: The design of distributed PCA algo-
rithms depends heavily on the data model; i.e., the way
that data are partitioned and stored in the agents on the
network in real applications. Below, we survey two of the
main classes of data partitions.

In the first class of data partition, each agent has access
to a different subset of samples of the data set. This type
of partition occurs in applications where a large amount
of high-dimensional data is stored across different sites in
a network. In this case, distributed PCA allows to learn
the important features from these high-dimensional data
that help compress, summarize, classify, or rank them,
without sharing the data directly. A relevant instance for
this setting occurs in document classification (cf., Fig. 1),
where the data dimensions are the frequency of a specific
word in the document, and each sample corresponds to a
different document. As the documents are scattered across
various servers, each agent in the network only possesses
a subset of the outcomes. Applying distributed PCA in
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Fig. 2. Example of distributed PCA with DRO data. In this example,
each array receives its own copy of signal which is partitioned by
rows, and all the arrays estimate the subspace of received signals
for target tracking.

this case provides a way to denoise the unlabeled data
(that can be interpreted as topics) by retaining only the
useful subspaces and that can then be used to classify the
documents.

Prior work on this class of the distributed PCA
algorithms is prevalent in the machine learning com-
munity, e.g., [7]-[17]. Specifically, Qu et al. [7] and
Kargupta et al. [14] proposed to compute a set of local
principal component vectors at the agents and then have a
central coordinator fuse these results into the desired order
principal subspace; the performance of this approach (and
its variants) has been studied in, e.g., [8]-[11]. In [12],
a multiround distributed PCA algorithm was proposed
to better balance communication and computation costs.
In [13], the principal components are found by perform-
ing a sequence of local QR decomposition at the agents.
In [15], the principal components are computed using
the aggregated eigenvectors and eigenvalues of the local
covariance matrix. It is worthwhile to point out that except
for [17], the works cited above consider a star network
architecture, with a hub that fuses the results of several
servers iteratively. This is different from the setting where
the servers communicate through a meshed network,
which is the primary focus of this paper in Section IV.

The second class of data partition corresponds to having
a multidimensional time series and having the entries of
each sample distributed across the agents, on an entry-by-
entry (or a block-by-block) basis. This situation naturally
arises in distributed sensor deployments where the sensors
collect samples simultaneously of a continuous field that
evolves in time and space. For example, the field could
be the signal emitted or backscattered by a moving tar-
get (cf., Fig. 2). What motivates the use of PCA is the
underlying assumption that the field has few active signal
components, and therefore spanning an unknown but low-
dimensional signal subspace. Each sensor collects one (or
a subset) of the projections of such vector field at a given
time, i.e., a spatial sample of the field.
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Fig. 3. Mesh and star networks. For star networks, the nodes are
divided into slave nodes and a master node, where the latter
receives data from all the slave nodes.

This class of PCA problems has inspired a number
of distributed PCA methods developed by the signal
processing community [18]-[29] which we review in
Sections IV and V. For instance, Scaglione et al. [18],
Le Borgne et al. [19], and Yildiz et al. [20] considered
extending the classical power method [30] to the distrib-
uted setting. The proposed distributed power method was
later analyzed in [21] and extended to an asynchronous
setting in [22] and [29]. Note that the power method is
a batch processing method with fast convergence, yet the
method is nonadaptive and has high latency. When the
observations are nonstationary, it is natural to seek adap-
tive solutions; in the centralized setting, this is achieved by
the Oja’s method [31], and the distributed setting can be
found in [23] and [25], which developed the decentralized
subspace tracking algorithms; the asynchronous version
has been discussed in [23] and [28]. Interestingly, these
classes of algorithms are all for meshed networks.

Before we delve into the mathematical details in
Section II, we will fix some terminology by describing how
the data samples are arranged. In particular, we define a
data matrix which takes each sample of data as a column.
In this way, the two main situations described above corre-
spond, respectively, to what we will refer as the distributed
columns observations (DCOs) and the distributed rows
observations (DROs), respectively. In both cases, the PCA
problem aims at retrieving the principal subspace for the
column span of the data matrix, yet in the DRO case each
node computes only a subset of the coordinates (one entry
or one block) of the principal subspace vectors, while in
the DCO case all nodes achieve consensus on the entire
principal subspace basis. The way the knowledge about the
principal subspace is shared in the DCO and DRO cases
affects how the distributed PCA primitive can be used for
different applications.

2) Communication and Computation Architecture: The
designs of distributed PCA algorithms also differ in terms
of the type of communications they require: one variant
uses a hierarchical master—slave-type architecture and one
uses a flat message passing architecture (cf., Fig. 3).

The master—slave approach for distributed PCA con-
forms to a hierarchical division of tasks, and employs
a central coordinator that also acts as a fusion node
[7]-[16]. In this case, the agents form a star network
topology, where the computation tasks of the master node
at the center are different from those of the servers. These
models conform to the typical architecture for parallel
computation in multicore processors, where the aim of
applying distributed PCA algorithms is to accelerate PCA
computation by utilizing local computations and also local
memory resources. It is also worthwhile to point out that
the algorithms above fall into the category of the DCO-type
distributed PCA.

The algorithms developed for this architecture usually
consist of two stages: a local stage and a global stage. In
the local stage, each agent/slave performs its own local
optimization, e.g., by solving a local PCA problem, and
sends the results to the central coordinator. In the global
stage, the central coordinator then computes the global
PCA from the aggregated data.

The second class of distributed PCA algorithms works on
arbitrarily meshed networks and conforms to the type of
parallel processing that is performed in graphic processing
units (GPUs), or distributed storage systems. They have the
following features: 1) all nodes and links must perform the
same function and run the same procedures; and 2) the
nodes exchange partial computations but not the data, thus
privacy is respected. This architecture can be seen as a
generalization of the master—slave one, where the agents
form a topology described by a general graph, and it arises
from applications involving computer or wireless sensor
networks. In particular, while the agents are still con-
nected to each other, transmitting information from one
agent to another may require multihop communications.
In addition to accelerating PCA computations, this class
of algorithms aims at offering better resiliencies in hostile
environments such as random failures of agents. Examples
of these algorithms can be found in [18]-[25]. To adapt
to the mesh network setting, these algorithms are often
developed by reinterpreting classical numerical methods
for PCA such as power and Oja’s method as a sequence of
computation steps for averaging a set of local values across
the agents. The distributed averaging can then be realized
by resorting to instantiations of the average consensus
(AC) subroutine; see [32] and [33]. Their accuracy rests
on the performance of the AC subroutine, which is known
to converge exponentially at rate that depends on the
algebraic connectivity of the communication network; see
Section III-B.

We observe that the majority of distributed PCA algo-
rithms belong to either one of the two types: 1) DCO data
on master—slave architectures; and 2) DRO data on arbi-
trary mesh networks. Such dichotomy is due to the differ-
ent types of applications that are prevalent in the machine
learning and signal processing communities, respectively.
Throughout this paper, we focus on surveying algorithms
for the settings with arbitrarily meshed networks, though
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some of the representatives working for the master—slave
architecture will also be summarized in Sections IV-A and
V-A. Furthermore, we will emphasize that the tailor-made
master-slave distributed PCA algorithms can be more
effective in handling specific big data problems, and they
are preferable in contexts where one can choose to build
such an architecture.

Notation. We use boldfaced lower case letters (e.g., ) to
denote vectors and boldfaced upper case letters (e.g., X)
to denote matrices. While this convention is preva-
lent throughout, occasionally roman capitals X will be
used to denote the random vectors whose outcomes are
denoted with the lower case boldface notation x used
for deterministic vectors. For a square matrix R, \;(R)
denotes its ith largest eigenvalue, while for a rectangular
matrix X, o;(X) is its ith largest singular value. The
operator (-)" [resp., () "] denotes the Hermitian transpose
(resp., the standard transpose). Unless otherwise specified,
||| is the standard Euclidean norm for the vector x.

B. Paper Organization

In the next section, we formulate mathematically the
distributed PCA problem and its two instantiations, for the
DRO and DCO scenarios, respectively. Then, in Section III,
we provide background on the building blocks that are at
the basis of the distributed PCA algorithms: specifically, the
AC subroutine, the power method, and the Oja’s method.
Sections IV and V review the distributed PCA methods for
the DRO setting and for the DCO setting, respectively;
within each of them, some salient applications are also
reviewed. Possible extensions of the work cited and the
related problems are presented in Section VI, which are
followed by the conclusions in Section VII.

II. THE PCA PROBLEM AND
ALGORITHMS

The original motivation for the PCA problem provided
by Karl Pearson in his seminal 1901 paper [4] was to
generalize the notion of linear regression

“to represent a system of points in a plane by the
best fitting straight line or plane.”

Since the notion of the best fitting hyperplane was asso-
ciated with the least square criterion, the PCA formulation
naturally tied into the algebraic notions eigenvalue decom-
position (EVD), of singular value decomposition (SVD),
spectral decomposition, subspace estimation, orthogonal
iteration, as well as orthogonal-triangular (QR) factor-
ization. In statistics, the solution can be interpreted as a
minimum mean squared error solution that is based on an
empirical estimate of the data covariance. Asymptotically,
for a stationary and ergodic process for which the sample
covariance converges almost surely to its ensemble, PCA
is equivalent to the discrete Karhunen-Loéve transform
(KLT) [34]-[36], i.e., a linear mapping of random data
from a higher dimensional ensemble such that: 1) the pro-
jection coefficients are uncorrelated; and 2) relative to the
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original high-dimensional representation, the representa-
tion through these coefficients in the PC subspace achieves
minimum mean square error in expectation. This paper is
particularly concerned with those forms in signal process-
ing, communications, and data mining where the quest
for this low-dimensional linear approximation applies to
a distributed measurement setting, in which multiple data
repositories have to agree on what is the appropriate
approximating hyperplane, or low-dimensional coordinate
system, where the data should be represented.

Mathematically, we consider a set of observations given
as an N x T (potentially complex) matrix X, i.e.,

X = (z(1) z(2) - =(T)) e CV*T. (1)

The rows and columns of X represent the feature/spatial
dimension and the sample/time dimension, respectively.
For PCA what matters is the sample correlation of X,
namely - X X" Let us define the EVD of 1XX" =
UAU" where U is an N x N unitary matrix and A =
Diag([A1;...;Ar;0;...;0]) is a diagonal matrix of the
eigenvalues, with R = rank(X). Throughout the paper
we make the canonical assumption that all the eigenvalues
have multiplicity of one, i.e., A1 > ... > Ar > 0. This
assumption can be relaxed, e.g., when one is interested in
only finding the top p principal subspaces, then we have
Assumption 1.

Assumption 1: The pth eigenvalue is strictly greater
than the p + 1th one, ie, Ay > -+ > Ap > Apy1 > -+ >
Ar > 0.

In many practical scenarios, the data samples x(¢) are
correlated with each other. When the data set is large with
N > 1and T > 1, an option to reduce the size of the
data is to project X onto its p-dimensional (p-D) principal
subspace, which can be represented by an orthogonal
transformation U ,—a submatrix of the unitary matrix U
consisting of only its left p column vectors. In particular,
given the orthogonal projection vector z(t) = Ul z(t) € CP
the corresponding low-dimensional approximation of x(¢)
is given by &(¢) = U, 2(t). It is also convenient to write the
tth sample as

z(t) = &(t) + e(t) = Upz(t) + e(t) 2)

where e(t) represents the modeling error. PCA is effective
when the Frobenious norm of e(t) is small. Based on (2),
the PCA problem amounts to learning the orthogonal trans-
formation U, from the data X that would allow a lossy
mapping of x(t) — z(t). Under the standard assumption
that T > p, the PCA problem can be represented as the
following optimization:

U*carg min |(I-UUMX|3

UeCNxp
st. U'U =1 (3)
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As seen, the solution of (3) minimizes the residual for the
signal reconstructed from {z(¢)}{~, in the mean square
sense. The problem may also be extended to a stochastic
and dynamic setting as follows:

E[|(I - UUMX(t)[]
vtu=1

U*(t i
()GargUglcglxp

s.t. )
where we have denoted X(t) € C" as a vector-valued ran-
dom process and the expectation is taken with respect to
the distribution of X(¢). Note that the realization of X(¢) is
denoted as x(¢). To account for the possible nonstationarity
in X(t), the solution of (4) depends on the sample/time
index t. We will refer to (3) as the batch/static PCA
problem, and (4) as the dynamic/stochastic PCA problem.
Note that the solution to the PCA problems is intrinsically
ambiguous subject to rotations, as we observe by first
defining the equivalence class [U] with U € CV*?
U] :={U e C"**|U =UQ, Q € C’*" is unitary}. (5)
Importantly, any matrix in [U*] (resp., [U*(t)]) will also be
an optimal solution to (3) [resp., (4)].
In the batch PCA setting, a centralized PCA algo-
rithm [37] solves (3) by performing an SVD on X, where
we can simply set the optimal solution as U* = S,. Note

that this gives the optimal objective value of ZT A ol

A. Power Method for PCA

Motivated by the fact that an optimal solution to the
static PCA problem (3) can be obtained from evaluating the
top eigenvectors of the autocorrelation X X" [or equiva-
lently the top (left) singular vectors of the data matrix X],
a natural idea is to apply the power method for solv-
ing the PCA problem, which is a well-known numerical
method [30] for computing the top eigenvectors of a
symmetric matrix. In light of this, here we briefly review
the power method and provide insights that will be instru-
mental to the development of distributed PCA methods.
Consider the PCA problem (3) and observe that an optimal
solution can be found by retrieving the top-p eigenvectors
corresponding to the largest p eigenvalues of the sampled
correlation matrix

R, ©)

T
!
Note that x(t) is zero mean, then R, is also the sampled
covariance. Alternatively, one could remove the mean in
the data by a simple preprocessing step. To compute
the top eigenvector of R, the power method is initial-

ized by ui[l] ~ CN(0,I), and it adopts the following
recursion:

U1 [k]

Rowi[k], VEk> 1.
TualAl [k

s uilk +1] = N

w1 k] =

A Review of Distributed Algorithms for Principal Component Analysis

It can be shown that w;[k] converges to u} as k — oo,
where w7 is the top eigenvector of R, [30].

From an optimization perspective, the power method
can be seen as a fixed-point iteration method which
solves the nonlinear system arising from the optimal-
ity condition of (3). Its rate of convergence is expo-
nential as it computes an e-accurate eigenvector! with
k = Q((log(o1(Rz)/o2(R.))) " log(1/€)) power iterations
[30]. Note that the ratio o1 (R.)/o2(R.) is known as the
spectral gap of R, and it is a key factor determining the
convergence speed of the power method. Moreover, as we
will reveal later, the computations above can be performed
distributively with the help of the average consensus sub-
routine, by exploiting the relationship between R, and the
data.

To find the second eigenvector of R, denoted by u3, we
observe that (I — u}(u})")R, is also Hermitian and pos-
itive semidefinite, and this matrix’s top eigenvector is the
sought u3. Naturally, we can apply the same power method
procedure to compute u3. Repeating the same procedures
we can find u3, ..., u;, to complete the principal subspace
U= (ul,...,up).

B. Oja-Based Methods for PCA

Originally proposed by Oja et al. [31] in 1985, the Oja’s
method for PCA was developed from a different philosophy
than the power method. In particular, the method focuses
on tackling the optimization problem (4) using a stochastic
gradient descent (SGD) method. Note that (4) is a non-
convex and stochastic optimization problem which can be
difficult to handle. As a remedy, we consider the special
case of p = 1 and the following form of (3):

u"E[x(t)z"
[[ee|®

(D)]u

u*(t) € arg max fi(u) := )

ueCN
where the objective function is also known as the Rayleigh
coefficient of the correlation matrix R, (t) := E[z(t)z" (t)].

The following function is a stochastic approximation

of fi(u):

uz ()" (H)u
[[el?

flus{t}) := ~ fi(w). ©
Since only one sample is used in the above, we say that the
batch size used is 1. We observe that the approximation
is unbiased as E[f(u;{t})] = fi(u). Consequently, its
gradient is also unbiased since E[V f (u; {t})] = V f(u).
The Oja’s method in [31] is essentially an SGD method
for (8) with a batch size of 1, i.e., let u®?(t) € C" be the

estimated principal component at iteration ¢, then we have

u®(t 4+ 1) = u® (1) + 5.V f(w (1); {t})
. :EH qua 2
=u(t) + 7 <a:(t)a:H(t) _ ||S())Ja(t)|(|1;)| I)
x w(t) (10)

IThe estimated vector a; [k] is e-accurate if y/1—|w1 [k]Huf|? <e.
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where 4; > 0 is the SGD step size and ; := 27:/||u%? (1)
It is worth noting that, due to the nonconvex nature
of (8), the global convergence of Oja’s learning rule has
remained elusive. In fact, we focus on the special cases
with stationary x(t). For example, Oja et al. in [31, Th. 2]
proved that if the step sizes are nonsummable diminishing,
ie, 3,% = oo and }°,77 < oo, then (10) converges
almost surely to the principal subspace, yet the conver-
gence rate is not given. Balsubramani et al. [38] proved
that when p = 1, with diminishing step sizes 4: = ¢/t,
the system in (10) returns the top eigenvector of R, as
t — oo at a sublinear rate of O(1/t). Nevertheless, the
Oja’s learning rule is often used even when the process x(t)
is nonstationary. To avoid getting stuck at a solution equal
to the previous subspaces, an effective heuristic is to set 7,
(or v¢) to be a small constant such that the newly observed
samples are sufficiently represented. Various forms of the
Oja-based method have also been proposed. In general,
their philosophy is to apply different relaxations to the
PCA problem (4) and then to apply SGD on the relaxed
problems. Examples are NOja and NOOQja studied in [39].
Their convergence has been studied in [40].

III. SETTINGS FOR DISTRIBUTED PCA

In this section, we first review the distributed data model in
real applications and then describe the average consensus
algorithm, which will serve as the building block for the
distributed PCA methods reviewed in the paper.

A. The Types of Data Partitions

In a distributed or dynamic setting, the entries of X,
instead of being processed at a central machine, are scat-
tered on S different machines/sensors, which we will refer
to as agents later on. We further provide the following def-
initions to distinguish the types of distributed algorithms.

e DCOs: The DCO setting assumes that each agent

observes a subset of columns of X. We partition X
by its columns such that

X = (X7 X35 - X53) (11

where X§ € CV*T: is the column-partitioned subma-

trix kept by agent ¢ and 7' = Z,L.S:l T;. Alternatively,

the data available at agent ¢ can also be represented

asx(t) € CNfort € T, with T;U---UTs = {1,...,T},

T;NT; =0, and |T;| = T;.

e DROs: The DRO setting assumes that each agent
observes only a subset of rows of X. We partition X
by its rows such that

X =(xDT(xpH"-(xHHT a2
where agent 7 keeps the row-partitioned submatrix

X7 € CVXT with N = Y9 | N;. Alternatively, the

data available at agent ¢ can also be represented as

zi(t)e CNifort=1,...,T.
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See Fig. 4 for an illustration on the types of data
structure considered. A key feature that distinguishes dis-
tributed PCA methods from its centralized counterpart is
that the agents have to solve (3) by cooperating with
their neighbors in the network, given that each agent has
only access to the partial observation matrix. Based on the
settings we just discussed, next we describe the goals of
the distributed PCA methods.

The DCO setting is encountered primarily in big data
mining applications. Each agent in this case can be a
computer server that gathers data samples from a set of
users that it is serving. For instance, the ith agent obtains
samples {x(t) }+c7, from a group of users. In this case, our
goal is as follows:

Goal (DCO): Agent ¢ learns a common p-D principal
subspace of X shared by the other agents, i.e., to learn
U™, in a distributed fashion.

Note that the goal here is similar to solving a consensus
problem requiring the agents to agree with each other.
Using the data structure in the DCO setting, we observe
that (3) can be written as

S

i I-UUMX¢E st. U'U=T 13
,min ;J\( UNXi s (13)

=fi(U)

which has a separable objective function similar to the
consensus optimization problem tackled in [41]. In other
words, our aim is to find a common dictionary based on
all the data accrued across the network. Furthermore, we
remark that the DCO data structure is only relevant in the
static/batch PCA setting.

As mentioned before, the DRO setting is typically
encountered in sensor networks where each agent,
depending on its siting, captures components of the vector
field that corresponds to the block ;(¢). For instance, the
ith agent may have access to the sth antenna that received
the signal z;(t). In this case, we define our goal as follows:

Goal (DRO): Agent 7 learns the ith partition of the
p-D principal subspace of X, ie., to learn U™ in
the partition U* = (U7™;...;Ug"), in a distributed
fashion.

This is a reasonable setting as U™ keeps the compo-
nents of U* that are related to the observations made at
the ith agent. A typical example for DRO is the subspace
estimation and tracking in a sensor or radar network. The
main setting is an information fusion, which consists of
many nodes that could be sensor nodes, arrays, and radars.
Each node can be seen as a 1-D unit for receiving the
signal, aiming at cooperatively estimating and tracking
the principal subspace of the signals. Once the nodes
have retrieved the PCA, the distributed projection on the
principal subspace can also be distributed and all nodes
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z1(1) - 21(Th) xi(Th +1) - - z1(T2) x1(Ts—1 +1) - z1(Ts)
X7 Agenti z2(1) -~ 2(T)  wo(Ti+1) - w2(Tp) 22(Ts—1+1) -+ 22(Ts)
X5 Agent2 . x3(1) - 23(Th)  2a3(Thi+1) - z3(Tp) 23(Ts—1+1) -+ z3(Ts)
X5 | = Agent:3 - Agent 1 Agent 2 Agent S
zn(1) - an(Th) an(Ti+1) - an(Th) en(Ts—1+1) - zn(Ts)
X5 Agent'S b ¢l X5 X5
Distributed Row Observations (DRO) Distributed Column Observations (DCO)
Fig. 4. Types of data partition employed in distributed PCA. Each data partition type will involve a different solution technique for

distributed computation of the PCA.

Cyclic Graph

Small-World Graph

Random Graph

Fig. 5. Examples of graph topology. (Left) A cyclic graph with
S$=100 nodes and node degree 4. (Middle) A small-world graph with
$=100, average degree 4, and rewiring probability 0.2. (Right) A
random graph with S=100 nodes and node degree 4.

will achieve a consensus on the coordinates of the PCA
approximation z(t).

The important observation here is that in the DRO
setting the PCA problem in not separable like it is for the
DCO setting, as seen in (13), and there is no consensus
condition that ties the results the agents obtain.

Prior to reviewing the DCO and DRO algorithms in Sec-
tions IV and V, respectively, in the next section, we briefly
introduce a building block that these algorithms rely on.

B. Average Consensus Algorithm
(Gossip Algorithm)

An important step taken by most distributed algorithms
is to aggregate and share information across different
agents. In the case for master-slave architecture, this
can be done easily by a transmitting information directly
from/to the agents with the central node. For meshed net-
work, this has to be done with a sequence of computation
steps adaptable to the network structure. In particular, in
this section, we provide a brief introduction to the so-called
average consensus algorithm (also known as the gossip
algorithm) [32], [33], which is a key subroutine used in
distributed PCA methods.

To proceed, it is necessary to define some terminology
to refer to the communication network that connects the
agents. As explained in the Introduction, we focus on the
setting where the agents are connected on an arbitrarily
meshed network. Specifically, the network used can be
mapped onto a connected, undirected, and simple graph
G = (V,E),whereV = {1,...,Stand £ C V x Vis the

set of communication links between the agents. See Fig. 5
for examples of a few common models to generate graph
topologies.

Suppose that the ith agent holds a certain vector/
matrix Y; and he/she wishes to compute the global
average Y., = S7! Zle Y;. A distributed algorithm
suitable for the task is the classical average consensus
algorithm [32], [33], [42], also known as the gossip algo-
rithm. In particular, for all £ > 1, let W [¢] be a symmetric
and doubly stochastic matrix (i.e., such that W[¢]1 = 1
and 1"W[¢] = 17) whose sparsity matches that of adja-
cency matrix for the graph G, that is, W;;[¢] = Wj;[¢] > 0
only if (i,5) € &€, and W[{]l = W T[]l = 1. We can
compute Y ., distributively as follows.

Average Consensus (AC) Algorithm:
1) Initialize as Z;[0] =Y, for all i.
2) For all agent ¢ € {1,...,S}, perform the recur-
sion

Zi[0) = WylZ;[t 1] (14)
j=1

for all / > 1 and we terminate after ¢ > L. The

collection { Z;[L]}%_, is retrieved as the output of

the AC subroutine.

For simplicity, let us denote Z;[L], i.e., the variable after
the Lth update, as output of the above subroutine
{Zi[L]}L = AC({Y }iiii 1) (15)
where the first argument to the subroutine is the initializa-
tion given to the network and the second argument speci-
fies the number of average consensus updates required. We
also use Z;[L] := AC; ({Yi}i_,; L) to denote the output of
the AC subroutine stored at the ith agent as indicated by
the subscript. We remark that the AC subroutine defined
in the above is applicable for computing the averages of
scalar, vector, and matrices.

Above, we described the most general case where W [{]
changes over time, e.g., it models the scenario when some
links in the network may be inactive at times. Formally,
for every ¢ > 1, this matrix is drawn from a distribution
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with E[W[f]] = W. The following assumption states
conditions for the AC subroutine to achieve asymptotic
average consensus.

Assumption 2: For a given undirected graph G = (V, €)
with |V| = S nodes and its associated weight matrix W ¢
R5*S | the convergence conditions imposed on the network
are as follows: 1) the graph G is connected; 2) W is doubly
stochastic; and 3) the connectivity parameter Aconn. < 1,
where

)\conn. = max{)\g(WL —)\S(W)} < 1.

An example is represented by the pairwise gossiping pro-
tocol introduced in [42], where an edge (i(, j¢) is selected
from & uniformly at random and the agents compute a
convex combination of their current state values which
then becomes their new state. In this case

(16)

wie]

—ej)’ an

= 1- S(ei, —ei)(es,
and the condition (16) will be satisfied as long as G is a
connected graph.

An important feature of the average consensus algo-
rithm is that its convergence is exponentially fast, i.e.,
we have E[||Z;[L] — Yawll] = O\, for all i+ where
the expectation is taken with respect to the realizations of
W [{]. To compute an e-accurate average, one only requires
O©(log e~ !') average consensus updates.

IV. DISTRIBUTED PCA METHODS
FOR DCO

In this section, we survey some of the representative
algorithms for distributed PCA in the DCO setting. As
mentioned before, a distinguishing feature of the DCO
scenario is that each agent keeps a (sub)set of the observed
samples {x(t)}+c7,, grouped into an N x T; matrix X7.
When x(t) are generated i.i.d. and T; is large, each agent
possesses sufficient data to compute the PCA locally. As
such, we focus on the more restrictive case when T; is not
large and discuss the strategies in which the agents can
leverage on additional information from other agents in
the same network.

A. Strategies for Master-Slave Architectures

A number of papers [7]-[17] tackled the distributed
PCA problem (with DCO data) when the agents are orga-
nized according to a master-slave architecture, or equiv-
alently a star network. As mentioned in the Introduction,
these works keep the sets of data samples at the different
servers sites and focus on the issue of reducing the overall
computation complexity and communication cost required
by the distributed methods.

As an example, Qu et al. [7] proposed to compute a local
PCA from the partial data by having agent ; perform an
SVD of its own local subset of data matrix, deprived of
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their mean, i.e.,

XTI — |7 117 = U, A VY. (18)
Let U; € CN*Pi be the matrix for the top p; singular vector
and A; be the principal p; x p; submatrlx of A, where
pi > p. Agent i then transmits U A U and the local mean
Z; = |T:|7' X$117 to the central server, which estimates

the global PCA U € CN*? from

S S
5=3"UA0] +Y |Ti|(@: - z)(@: — 2)".

i=1 i=1

19)

We observe that this algorithm can be completed in one
communication and computation round and its accuracy
depends on the choice of p;,. On the other hand, it is
clear that U # U* as S does not share the principal
subspaces as S in general. In fact, the accuracy of the
algorithm above can only be guaranteed when the data
observed are homogeneous, e.g., for all 4, each column of
X is generated from (2) with independently distributed
modeling error e(t). The merits of these approaches rest
on the savings in computation cost when implemented in a
parallel computer system. A similar approach can be found
in [8] which combines the distributed PCA method with
distributed K-means algorithms for further processing of
the dimension reduced data.

B. Strategies for Mesh Networks

From now on we focus on the mesh networks case. As
pointed out in [17], a naive distributed PCA method can
be obtained by simply approximating the global correlation
matrix via the AC subroutine, i.e., for some L > 1, we have

o= 2 oac(XSx)Man) ~ R QO)
In other words, each agent obtains an approximate of
the global correlation matrix and the desired PCA can be
then computed from R, using, for example, the power
method. The drawback, however, lies on the communica-
tion and computation cost entailed in this approach, which
is particularly onerous when considering high-dimensional
data with N > 1. This is because (20) requires computing
the average of an N x N matrix.

As an improvement over the correlation averaging
method, next we describe a natural extension of the power
method in (7) to the distributed (mesh network) setting
with DCO data. In this setting, the distributed power
method (DistPM) was introduced as a subroutine in [43]
and [44]. Observe that the first expression in (7) can be
written as

1

wilk] = fXX“m[k: —1]

S

A3

i=1

Mgy [k — 1]). @1)
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If a copy of wi[k — 1] is also known to the agents,
computing each of the terms requires data known to
the ith agent and, therefore, w.[k] can simply be com-
puted adding up the S terms—a computation that can
be accomplished using the average consensus subrou-
tine. This will be the case if the nodes start with the
same initial vector u;[0] and achieve asymptotic conver-
gence to the average. In reality, both conditions can be
relaxed.

Specifically, for the DistPM with DCO data, we denote
ui[k] € CV (resp., ! [k]) as the estimate of the first (resp.,
normalized) eigenvector of R, at the kth power iteration,
kept by the ith agent. The DistPM (DCO) proceeds as
follows.

Distributed Power Method (DistPM) for DCO:

1) Initialize for each agent an independent random
vector, i.e., uf[0] ~ CN(0, I) for all i.

2) For all agent ¢ € {1,...,S}, perform the recur-
sion

ui[k] = S AC;({X5(X5) ul [k — 11}52,; L),
wy (k] = ui[k]/||ui[K]|
for all £k > 1 and we terminate after k > K.

3) Denote ) := u![K] as the solution kept by the
ith agent for all 7 € {1,...,S}.

The subsequent eigenvectors u3,...,u, can be found
by using a similar strategy as in the centralized power
method.

Theoretical Guarantee: The convergence of DistPM
(DCO) has been analyzed in [44] for real-valued data
matrices and static network between the agents, i.e.,
W] = W for all ¢. For simplicity, we present the result
for estimating the top eigenvector of R,.

Theorem IV.1: Suppose that Assumptions 1 and 2 hold
forp = 1. Let R, = TXX T be the sampled correlation
matrix of the data matrix X € RV*”. For a given failure
probability ¢ € (0,1) and an e-accuracy with € € (0,1/2),
if the number of AC iterations L and the number of power
iterations K of the DistPM (DCO) algorithm satisfy

I—q loge ™t + log()\l(lilf) —Xa(Ry))!
log(Aconn.)
M(R,)

and the initialization satisfies (u}) ui[0] # 0, then with
probability at least 1 — Sc where S is the number of nodes
in the network, the estimated top eigenvector @} at each
node i is e-accurate

(22

(23)
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and minj—o n((u})'a})® < ¢ foralli € {1,...,S}.
Additionally, the eigenvectors computed at each node are
in consensus

lai (@) —al (@) || =0(), Viie€{l,...,S}. (24)

The randomness in the algorithm is due to the ran-
dom initializations. The theorem above is taken from
[44, Prop. 1] and was partially inspired by [45].
Theorem IV.1 gives a nonasymptotic bound on the accuracy
achieved by the DistPM (DCO) for a given K. In addi-
tion, Theorem IV.1 depicts a communication/performance
tradeoff for the DistPM (DCO) method. Specifically, the
total communication cost for the method is given by LK—
when the desired accuracy e is smalil, the required com-
munication cost increases in the order of log(1/¢) as seen
in (22).

It is worth noting that an asynchronous version of the
DistPM (DCO) method has been studied in [29], which
showed that the method converges asymptotically to the
correct solution even when the agents communicate in a
pairwise gossip exchange manner.

C. Application Examples

We consider applying PCA to dimensionality reduction
and clustering in a distributed setting. Particularly, we
assume that the ith machine/agent observes a data set
which can be described as

X{=AZ+E; e RV (25)
where each row of X§ represents a feature and each
column is a data point. In the above, A € RV*? is a
common “dictionary” with p « N, Z¢ € RP*Ti is the
latent parameters for the observations, and E; represents
the modeling error. Furthermore, X constitutes a set
of training data, and our aim is to learn the subspace
spanned by the columns of A so that we can compress
some unseen data Xest, which are also generated by the
same model, using their p-D latent parameters. Specifically,
if U* is the learned p-D subspace from the collection of
training data {X ¢}, then X .. can be compressed as
Z st = (U*)" X tost. We assume that the modeling errors
E, are independent, and the dimensionality reduction
problem can now be solved as a static PCA problem (3).
Furthermore, our target problem corresponds to the DCO
setting considered in (13) as the data points are collected
locally by the machines.

To illustrate the performance of the distributed PCA
method (DistPM), we consider the data model of (25) with
N = 1000, p = 2, and T; = 2, while the SNR is fixed at
25 dB. We consider a network with S = 100 nodes, con-
nected through a mean degree-10 small world graph with
rewiring probability of 0.2. Fig. 6 shows the reconstruction
error in different settings for the DistPM (DCO) with a
different number of AC rounds.
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Fig. 6. Applying DistPM (DCO) on the dimensionality reduction
problem. The reconstruction error is shown for agent i=1 on the
testing data, which is generated according to a similar model as
(25). In the legend, “local PCA” (resp., “global PCA”) refers to using
only the local data (resp., all available data) to estimate the
principal subspace.

The development of distributed dimensionality reduc-
tion techniques provides both efficient storage and pre-
processing (denoising) of the data for machine learning.
Fig. 7 shows an application of dimensionality reduction
in data clustering. We consider a set of high-dimensional
data distributed over S = 100 nodes. Specifically, the
data consist of four separated clusters. Each cluster is
a high-dimensional embedding of a swiss roll using the
model in (25) with N = 200. Fig. 7(a) shows the orig-
inal clusters of swiss roll data that are used to generate
the high-dimensional data. Fig. 7(b) shows the result of
dimensionality reduction using the estimated subspace
with DistPM (DCO). We then perform Ward’s hierarchi-
cal clustering algorithm [46] on both the original high-
dimensional data and the projected data.? The normalized
mutual information (NMI) is used to measure the clus-
tering performance. Fig. 7(b) and (c) shows the detected
clusters with NMI = 0.9797 and 0.9785, respectively.

V. DISTRIBUTED PCA METHODS
FOR DRO

In this section, we focus on the DRO setting and survey
the available distributed PCA strategies in the literature.
An interesting feature under this setting is that the goal
of each agent is to compute a portion of the orthogonal
transformation U™ required. This requires one to design
algorithms carefully in order to take advantage of these
requirements while respecting the DRO data structure. To
the best of our knowledge, most of the prior work for
the DRO data structure has been designed for the mesh
network scenario. Therefore, it will be the main focus of
the current section.

2Here we let the nodes to broadcast their local projected data to the
network.
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Original swiss-roll data

High dimensional data projected
in subspace estimated with DistPM (DCO)
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Fig. 7. Clustering on the swiss roll data. (a) Original swiss roll
data before high-di i ] bedding. (b) High-dimensional data
projected in 3-D subspace estimated with DistPM (DCO). (c) Results
of hierarchical clustering on the original high-dimensional data.

(d) Results of hierarchical clustering on the projected data with
DistPM (DCO).

A. Strategy for Master—Slave Architecture

Consider the case when the communication network
follows a master—slave architecture. As the data from each
agent are necessary in this case and there is no direct
agent-to-agent link, aggregating all data (incrementally or
in batches) at the master node becomes an unavoidable
step for solving the PCA problem. Acknowledging this, the
simplest approach is to directly apply the centralized PCA
methods (e.g., power method) after the data aggregation
at the master node, and then transmit the required portion
of U* back to the agents. Such approach works off-the-
shelf and the convergence properties follow directly from
the analysis on centralized methods (cf., Section II).

B. Distributed Power Method (DRO)

The distributed power method (DistPM) was developed
in [18] for the DRO setting. In a nutshell, the method
combines average consensus and the power method to
estimate the principal subspace distributively. Note that
this is a batch method that is applied to stationary data.

We first derive the DistPM for just the top eigenvector
of R, denoted as u}. To set up the stage, we define w1 ; [k]
as the local portion of the top eigenvector kept by the ith
agent at iteration k£ and w1 [k] := (w1,1[k];...;u1,5[k]) as
the global eigenvector estimate. To initialize, each agent
generates a random vector ui;[0] ~ CN(0,I) € C"i
independently.

Consider the kth power iteration in (7); we see that
the normalization step may be relegated to the end of
the iterations as it only involves a scalar multiplication.
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Instead, we focus on the second step in (7). Observe that
the ith row partition in w1 [k + 1] can be written as

S

x?(t)ULj [k])

(26)

%Zazi(t)mH(t)Tu[k] = %le(t) (

Note that we are using the unnormalized vector w1 ;[k] on
the right-hand side of the equation. The vectors x;(¢) and
u1,;[k] are known to the jth agent. Therefore, the inner
products inside the summation are locally computable by
the jth agent. This inspires us to replace the summation
with the previously introduced AC subroutine. Specifically,
the required computation can be performed by the follow-
ing pseudocode.

Distributed Power Method (DistPM) for DRO:
1) Initialize for each agent an independent random
vector, i.e., u1 ;[0] ~ CN(0,I) € CNi for all i.
2) For all agent i € {1,...,S}, perform the recur-
sion
S — s
wyi[k+1] = - > ai()AC ({ah () ;K] Yo_iL)

t=1

for all £k > 0 and we terminate after £k > K — 1.
3) Denote u, ;[K] as the unnormalized top eigenvec-
tor kept by the ith agent for all i € {1,...,S}.

Note that we have replaced the inner product
x"(t)ui[k] by its distributed average approximation
ACi ({2 (t)ur [k]} =15 L)

The procedure above finds the ith block of the unnor-
malized top eigenvector of R,. As a final step, we will take
care of the normalization factor which we have ignored.
Observe that

lua (K| = /325, e [K])12.

27
Once again we observe that the terms inside the summa-
tion are merely the squared norm of the local estimate
u1,;[K], which is obviously known to the ith agent. This
can be replaced by another AC subroutine. Let us define

norm = /S - ACi({[lur 5 [K][2}5y: L) ~ flua ]
(28)
where we set L’ > L. Finally, we denote the obtained
partial eigenvector as w1, ; such that

-1
@1 = (norm;) w1 (K] 29)
and the concatenated version of it as @i :=
(@1,15...;@1,s). It is worth noting that the normalization
procedure (29) is done at the last step when acquiring each
eigenvector. This is done so to reduce the communication

cost without sacrificing the performance since the scalar

multiplication does not modify the subspace found by the
algorithm.

Moreover, we can also compute the eigenvalue \; asso-
ciated with u} by observing

1 T H ~
H jztﬂw‘((t)fﬂ (t)ull ‘ (30)

~(u1,1 K] 5w, 5(K])

The above can be approximated by

Ari =S -AC ({af jur;[K]};=1; L). (31)
However, we note that this step is optional as the eigen-
value is not required in the computation of the second,
third, etc., eigenvectors.

To compute the second eigenvector u3, we observe
that it is equivalent to computing the top eigenvector for
(I — ui(u?)"R,. In light of this, the respective power
iteration can be approximated as

1

uslk +1] = = > (I —wmad)z(t)z" (Huslk].  (32)

]l

Similar to the previous derivations in (26), the ith row
block of the above can be written as

1 — o, )
f; (Cﬂz(t) —uuy_l\:l:(_tl)(w) (33)

~prody ; ~prody ; (k)

Importantly, the highlighted inner products are replaced,
respectively, by:

prod, ; := S - AC; ({a! ja;(t)}5_1; L)
allx(t)

S+ AC ({(@5 (1) Mz 3 [k]}5=15 L)
z" (t)ualk]

Q

prodzyi(k) :

Q

(34)

where the right-hand side can be computed distributively
using the AC subroutine. Finally, the power iteration is
performed by

T
1 N
ug ik +1] = T Z (ml(t) — Uy, produ) prod, ;[k]. (35)
t=1

We can compute s, ..., using a similar procedure,
again in a distributed fashion.

Theoretical Guarantees: The asymptotic convergence of
DistPM (DRO) for the static network, i.e., W[{] = W
for all ¢, has been analyzed in [21]. Here, we present a
simplified version of their result on seeking for the top
eigenvector exclusively i.e., when p = 1. Importantly, we
observe that when L — oo such that the AC subroutine
computes the exact averages, the DistPM method will
be equivalent to the original/centralized power method.
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Focusing on the error performance with a finite L for the
DistPM method, the analysis in [21, Th. 3] shows the
following.

Theorem V.1: Under Assumptions 1 and 2 with p = 1,
assume that the initialization satisfies |(u})"u:[0]] > 0.
Let R, = +XX H be the sampled correlation matrix of
the data matrix X € CV*T. For a given number of AC
iterations L, as the number of power iterations K — oo,
we have

~ * )\I(Rz) L
— =0 —————— " comn. | - 36
||u1 ul” ()\1(Rz) _)\2(Rz) ) (36)

Theorem V.1 bounds the difference between the princi-
pal eigenvector »] and the estimated principal eigenvector
w1. Note that the DistPM’s performance depends on the
number of AC iterations L and in particular, the perfor-
mance improves exponentially with L. Moreover, the error
also depends on the spectral gap in R, such that the error

is reduced when A\ (R.) > \2(Ry).

C. Distributed Oja’s Method

As opposed to the distributed power method, the Oja’s
method can be applied to the dynamic PCA problem (4)
which is a nonconvex, time-varying, stochastic optimiza-
tion problem. A distributed version of the Oja’s method,
named D-Oja, was developed in [23] for the DRO setting.
Here, we focus on the setting with p = 1. The first step is
to approximate the update (10) as

w%(t+1) = u® (1) + 3 (2(0)2" (1) — 2" (OuP(O)T)
x u(¢). (37

Similar to the development of DistPM, the D-Oja method
relies on interpreting the Oja’s updates as a combination
of several computations that are replaceable by distributed
algorithms. In particular, consider the ith block of w%? (¢ +
1) in (37)

u® (1) = ud? (1) + 3 (@i(t) - 2" QU (B) — w (1)

2" mu o).
(38)
In particular, for the ith agent, it suffices to compute
the complex-valued inner product =" (t)u?(t) in order to
complete the update. To distribute the computation, again

we observe that this inner product is computed from a
number of local terms available at each agent

() = 37wl (u ()

~ S AC ({zf (uSP ()Y, L).  (39)

The D-Oja’s method for DRO is summarized in the follow-
ing pseudocode.
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Distributed Oja’s (D-Oja) Method for DRO:

1) Initialize for each agent an independent random
vector, i.e., u(0) ~ CN(0, 1) € CNi for all i.
2) For all agent i € {1,...,S}, perform the recur-
sion
prod; (t) : =5 - AC; ({=! (t)u?ja )} L),
PR+ 1) = uP () + 7. (prod, (1) - @i(1)

~ [prod; (1) - u (1))

u

(40)

for all ¢ > 0.

For general p > 1, Li et al. [23] also proposed an alter-
native method that solves a generalized objective function
given in (4).

Theoretical Guarantees: The asymptotic (i.e., t — o0)
convergence of the D-Oja method has been analyzed
in [23] under the assumption that x(¢) is stationary.
Similar to the convergence analysis of the Oja’s algo-
rithm, Li et al. [23] investigated the convergence property
by deriving the associated ordinary differential equation
(ODE) of the stochastic approximation in (40). That is, for
~¢ sufficiently small,? the associated ODE of the stochastic
approximation in (40) is given by

duy

2 = E([di(t);d2(t); -~ 5 ds(t)])
= {sW" o R-SW" & [(NW" ©urir")R] } i

(41)

where R = E[z(t)z(t)"]. The following results state the
stability and convergence property of the ODE (41).

Theorem V.2: Suppose that Assumptions 1 and 2 hold for
p = 1. For any fixed number of AC iterations L satisfying
{L e Ny XL, <« 1/(25)}, the equilibrium point of the
norm ||41||% is contained in the interval
lal” € (1= 3NASm 14 3NAE ). (42)
Theorem V.3: Suppose that Assumptions 1 and 2 hold for
p = 1. The ODE in (41) has a stable equilibrium point (i.e.,
a sink point) @ that satisfies
Hﬂl - u?” <35\ (Rw) ' )‘fonm + O(Sz)‘gtfnn.)- 43)
The proof can be found in [23, Lemma 4.1 and 4.2].
Similar to the results for DistPM (DRO), Theorem 5.3 also
shows an exponential dependence on the number of AC
steps L in the error produced by the D-Oja method.

The asynchronous version of D-Oja has been studied
in [23] and [29]. In particular, Li et al. [23] showed the

3Example step sizes include but are not limited to diminishing step
sizes (i.e., 74 = ¢/t for a constant c), nonsummable diminishing step
sizes (i.e., D, vt = 00, fyf < 00), and a small constant based on
Euler’s method.
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asymptotic convergence of the method, while Fellus et al.
[29] have extended the method with a sparsification step
to reduce the communication overhead and showed the
extended method converges with probability 1.

D. Power-Oja’s Method

As discussed earlier on, the Oja’s method (as well as
the D-Oja method) is known to converge slowly, i.e., at
most at the rate of O(1/t). To accelerate the convergence
rate, Wu et al. [25] proposed a Power-Oja’s (P-Oja) method
that combines the fast convergence of power method with
the adaptivity of the Oja’s method. Note that the power
method is a batch method that requires the random process
x(t) to be stationary. As a compromise, we assume quasi-
stationarity for x(t) such that the process is stationary over
the period Z; in which x(7) has the same distribution for
all 7 € Zy. Furthermore, in contrast to the Oja’s method,
the P-Oja’s method tackles the following dynamic PCA
problem:

U*(k)carg min f,(U)st.UU=T (44
UeCNxp
where 7 € 7, and
£(U) = IE[Tr((UUHUUH - 2UUH):U(T):CH(T))].
(45)

It can be shown that the above problem is equivalent
to (4).

We apply stochastic approximation for (44) to obtain a
tractable objective function. Let By s C Z; be the sth batch
in period Z, then the objective function in the above can
be approximated by

(U Br) =T (UUMUUY — 2UUY)R(By.)) - (46)

where )
R(Bk,s) :

Bl Y x(n)z(r)

TEBL,s

47

which is a mini-batch sampled correlation matrix.

From here, one may apply the SGD method and
update the principal subspaces by taking the gradient
of f(U;By,). Doing so results in a method similar to
Oja’s which may suffer from the same slow convergence
rate. Instead, let P be a predefined integer constant,
then we consider a modified stochastic approximation
function

FPOR (U By ) = Tr((UUHUUH - 2UUH)RP(Bk,5)).
(48)
Importantly, the optimal solution set to the modified sto-
chastic approximation function is the same as the original
one

arg min f(U;Bg,s) =arg min PO (U; B.s)
UeCNXxp UeCNXxp
st. UU =T st. UU = 1. (49)

The benefit of considering f7°2(.) in lieu of f(-) is that
the former admits a better spectral gap for the sampled
correlation since

~ P ~ P S -

op(R ) —opt1(R ) S 7
O’p(RP) op(R)

(50)

as we note that o,(R (Br.)) = op(R(Br.s))", where
op(R) denotes the pth largest singular value of R.
As shown in the analysis of [38], the size of the spec-
tral gap JP(RP(B;C,S)) - apH(RP(Bk,S)) is an important
factor in determining the convergence speed of subspace
estimation/tracking algorithms. Therefore, we anticipate
that using f7°(-) should yield a faster PCA algorithm than
using f°(.). Finally, observe that the gradient of the new
stochastic approximation function is

VPR Byy) = — 2R (B)U + R (B ) UUMU
+ UUYR" Bu)U. (51

Remarkably, RP(Bk,S)U is similar to running a power
method for P steps with the columns of U as initialization
vectors (an insight that motivated this distributed PCA
approach). Last, relaxing the Grassmanian manifold con-
straint UMU = I yields the P-Oja method
Uk,s+1) =U(k,s) — vV Uk, s); Brs) (52)

which is similar to the NOja’s method considered
in [39].

Note that the P-Oja method requires a nontrivial batch
size |Bk,s| > 2 to show its benefits, which depend on a
sufficient increase in the spectral gap.

Distributed Method: Wu et al. [25] considered a dis-
tributed extension for the P-Oja method. Their philosophy
is similar to that employed by the DistPM and D-Oja
methods, as we observe that the update of the ith block
[cf., (51)]1is

Ui(s) — s [VfPO (U (s); B.)], (53)

7

where we have dropped the index of k for simplicity and

;
P

[V (s); Bo)],
)

s = —2[R7(B)U(s)]i+ R (B)U (). U™ (5)U(s5)
zpro;:i(s)A P zpro::’i(s) zpro;;i(s)
+ Ui(s)U" ()R (Bs)U(s). (54)

~~
~prods ; (s)

The required computation boils down to evaluating the
highlighted terms in the above. First, we observe that
RP(BS)U (s) is the result of applying P power iterations
with the sampled correlation matrix R(B;), initialized on
U (s). Each of the power iterations can be handled in a
similar fashion as in the DistPM. In particular, let U (s, q)
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Fig. 8. Distributed distance matrix estimation. Comparing the true
and estimated distance matrix on a sensor network with S=1000

sensors. We set K=50, L=500 for the DistPM and reconstructed the
distance matrix through finding its rank-2 approximation.

be the intermediate variable at the gth power iteration,
U.(s,q) be its ith row block, and U(s,1) = U(s), then
the power iteration can be approximated as

Ui(s,q+1)
== > ai(r)  AG({=] (1)U;(s,q)} -1 L)

s| TEBSs

95}

1
|Bs|

~
~

il:i(T)il:H (7')(3'(57 q). (55)

(]

TEBSs

Repeating the above for P iterations yields

~ - P

prod, ;(s) :==Ui(s, P+ 1) = [R (Bs)U(s)]:- (56)

For the remaining terms, we can handle them easily by

prody ;(s) : = S - AC({U (s)U(s)}5=1; L)
~3 UL,
prods ;(s) : =5 Aci({U? (5)pr0d1,j(8)}f:1; L)

(57)

S
~ YU (s)prod, ()= Y US(9)[R U(s));.

Jj=1

(58)
Finally, the P-Oja update for agent ; can be approximated as

Ui(s+1)=U;(s) — s (Ui(S)PVOds,i(S)

+ prod, ,(s)prod, , (s) — 2prod1’i(s)). (59)

This demonstrates that the P-Oja update can be replaced
by a number of average consensus steps to be computed
distributively. We remark that the P-Oja update can be
reduced to the multiple subspaces-tracking D-Oja method
(i.e., when p > 1) by setting P = 1. As a reminder, herein
we restate that unlike DistPM, D-Oja and distributed P-Oja
are adaptive methods that are suitable for tracking sub-
space for streaming data. Currently, the convergence of the
P-Oja method is yet to be analyzed theoretically.
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E. Application Examples

1) Distributed Distance Matrix Estimation: We demon-
strate that the distance matrix estimation problem can be
cast as a PCA problem, which naturally admits a DRO
data structure when we consider a sensor network setting.
Here, agent/sensor 7 gathers a d-dimensional observation
x; € RY 4 =1,...,5. Our goal is to compute the pairwise
distances ||x; — ;|| which are necessitated by clustering
problems or dimensionality reduction with ISOMAP [20].
Let us observe that

[#: — ;| = \/Hwil\2 + lasl? = 2225 (60)

Importantly, the squared norms and inner products in the
above can be obtained from the following matrix:

A:=XX" e R%*® where

X = (x; - ws)' € R (61)

We have =] x; = A;; and therefore the pairwise distance

can be computed through ||z; — ;|| = \/Ai + 4,; — 2A;5.
To estimate the pairwise distances, we can therefore com-
pute the rank-p approximation of A

A, = prl Mur(ul) ~ A

(62)

In particular, A, is computed from the eigenvalue—vector
pairs {\,u;}*_,, ie., it is a PCA problem. We note that
the data are structured in a DRO setting since each agent
holds a row vector in X . This is a static PCA problem as the
data matrix does not change over time. Thus, DistPM is a
suitable algorithm. Fig. 8 compares the true and estimated
distance matrix using DistPM (DRO) on a sensor network
with S = 1000 sensors/agents, with the graph topology
arranged according to a random geometric graph. The
DistPM (DRO) finds the distance matrix accurately.

2) Distributed Direction-of-Arrival Tracking: We next
illustrate how to track the direction-of-arrival (DoA) of
multiple objects in a massive antenna array system using
the distributed PCA methods. Consider a scenario where
the (groups of) antennas are arranged in a uniform linear
array (ULA) configuration, receiving signals from a far
object. An example is depicted in Fig. 9. When there are
p objects to be tracked, it is well known [1], [2] that the
signal received at the antennas is

2(t) =" a(d.b)zq(t) + () (63)

where

a(d7 Qq) = (17 673'<,uccisi1r10q/k7 o e*jwc(Sfl)dsineq/A)T

such that \ is the wavelength and w. is the carrier fre-
quency, z4(t) is the signal transmitted from the gth object,
and e(t) is a white additive noise with variance ¢>. Impor-

tantly, the vectors {a(d,0,)}"_, are mutually orthogonal
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Fig. 9. Direction-of-arrival estimation. Our goal is to estimate the
directions 61, 05, ... of the targets in the figure from the signals
received at the uniform linear array (ULA).

when the number of antennas is large, provided that
04 # 04, thus the p-D principal subspace of the signal x(t)
is given by A := (a(d,61) --- a(d,6p)) and the model fits
into the one described by (2). The DoA for multiple objects
can thus be found by extracting this principal subspace.
This leads to the celebrated MUSIC/ESPRIT methods [2].
For instance, suppose that U is the estimated principal
subspace of x(¢), the MUSIC method finds the p largest
“peaks” in the following pseudospectrum:

p(o) = —2(&0)ald.0) (64)

af(d,0)U , U" a(d,0)
where U, is an N x (N — p) matrix containing N — p
orthonormal vectors that are orthogonal to U such that
UtU =o.

In a distributed setting, each element of x(t)
corresponds to a scalar signal received by an antenna
operated by a sensor in the network. We have S =N
such sensors/antennas. The problem of determining U,
the p-D principal subspace of x(¢), is thus a dynamic PCA
problem (4) with DRO data, as the object is moving.

A simulation example of tracking the DoA of a single
moving object using a ULA with S = N = 30 antennas
is shown below. In the example, the antennas/sensors are
connected through a mean degree-4 small world graph
with rewiring probability 0.2. Each of the antenna receives
a total of T = 1500 samples and the signal-to-noise ratio
(SNR) in (63) is 20 dB. The heatmap for evolution of
psuedospectrum and the evolution of normalized objective
value (NOV) [cf., (45)], i.e.,

 Ella(t) - w203
NOV(e) = ()2

(65)

are shown in Figs. 10 and 11, respectively. Once again,
we observe that the decentralized approach produces an
accurate estimate of the DoA.

Centralized Oja

True Subspace
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Fig. 10. DoA tracking with distributed PCA methods. The top-left
plot shows the evolution of DoA against time/batch number, as
indicated by the yellow dot. The remaining three plots show the
evolution of pseudospectrum (64) using the Oja, D-Oja, and
distributed P-Oja methods. Each column in the plot represents a
pseudospectrum. The P-Oja method is set with the batch size of B=5
with a step size of vy = 0.25 while the Oja’s method is set with a
step size of y; = 0.05.
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Fig. 11. Evolution of the NOV against time in DoA tracking. We

apply the centralized and decentralized P-Oja and Oja methods for
subspace tracking. The top figure is for the P-Oja method where the
batch size is B=5, the power iteration parameter is set as P=20, and
a step size v4= 0.25; the bottom figure is the Oja method with a step
size v¢= 0.05. For both methods, the number of gossip round is
L=10.

3) Distributed Beamforming: A related application is that
of distributed PCA methods for beamforming, where the
aim is to find the weights of the maximal ration combiner,
to combine the signal at each antenna element in such a
way as to maximize the SNR. This problem fits into the
setting of a dynamic PCA problem with DRO data as we
deploy subarrays of antennas.
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Fig. 12.
processors. Each distributed processor can be treated as a
supernode and communicate with the others.

Grouping antennas into subarrays with distributed
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Fig. 13. Evolution of NOV against time in distributed
beamforming. For Oja’s and P-Oja methods, we set the step size as
Y= 5 x 104 and v¢= 0.01B, respectively, where B is the batch size
used.

Our physical setup is illustrated in Fig. 12, where we
consider grouping N = 256 antennas into S = 64 sub-
arrays, each with N; = 4 antennas. The processor units
form a mean degree-6 small world graph with rewiring
probability of 0.2. Each processor unit receives 7' = 1500
samples with an SNR of 20 dB. The signal «(¢) is generated
with p = 2 dimensional principal subspace. In Fig. 13,
we compare the NOV [cf., (65)] of running the different
PCA methods in this example. The numerical results show
that the P-Oja method converges faster than the Oja’s
method in the (quasi)-static setting, and the decentralized
algorithms track the subspaces accurately.

E Other Methods and Summary

In addition to the surveyed methods above, we note that
an ADMM-based algorithm has been developed in [24].
There, the authors proposed to relax (3) into a matrix
factorization problem as

min IX -UY|} (66)

UeCNXxp yecexT
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Table 1 Comparison of the Distributed PCA Methods (DRO). We Focus on
the Computation and Communication Complexities per Iteration Under
the Special Case of p = 1. T Is the Number of Samples, n; Is the Number
of Observations in Subblock i, L Is the Number of Average Consensus
Iterations, P Is the Number of Power Iterations, and B Is the Number of
Samples in One Batch. Note That the Convergence Speed for D-Oja and
P-Oja Is Only Observed Empirically to Be Sublinear. The Computation
Complexity Is Counted at a per-Agent Level. For the P-Oja Method, the
Batch Size Is Constant With B = |B, | for All k, s

Methods Comp. Commun. Convergence

DistPM [18] O(TN;) O(TL) linear / geometric
D-Oja [23] O(N;) O(L) (emp.) sub-linear
P-Oja [25] O(PBN;) O(PBL) (emp.) sub-linear

where they have relaxed the constraint that Y = U"X.
The problem (66) is then written as

min
U,;ecNixpy, ,ecpxT v;

st. Y, = ij7

S s
> IXi Uil

VY (i,j) €E. (67)
The optimization problem shown above is then tackled
using an alternating minimization approach, in which the
update of the coupled variables Y; is handled by the
celebrated ADMM method [47]. See also [27] for a related
study.

To conclude this section, in Table 1, we summarize the
PCA strategies described in the above for DRO data by
comparing the computation and communication complex-
ities required by each method. Note that we chose not to
compare the ADMM approach in [24] as the latter involves
multiple nested loops which hinders a fair comparison.
As seen from the comparison, even though the DistPM
enjoys the fastest convergence rate, its computation and
communication costs are also 7' times larger than the
D-Oja method. Note that typically we have 7" > 1. The
computation and communication costs for D-Oja and P-Oja
are independent of T, yet it is observed (empirically) that
the two methods converge at sublinear rates only. Com-
pared to D-Oja, the reformulated objective function (48)
used in P-Oja gives an improved condition number and
potentially reduces the number of iterations required to
reach the same level of accuracy. This demonstrates a
tradeoff between the computation/communication cost
and performance.

VI. RELATED AND OPEN PROBLEMS

In this section, first we survey a few related problems
and the state of the art on how some of these problems
have been solved using distributed computations. Then, we
discuss open problems that are relevant to distributed PCA.

A. Distributed Robust PCA

The robust PCA problem [48], [49] deals with scenarios
when the observed data are contaminated with outlier
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noise. In particular, we consider a modified observation
model from (2)

z(t) =Upz(t) + c(t) + e(t) (68)
where c(t) represents the outlier noise, e.g., a sparse
vector. Such model may be used to handle situations
of faulty sensors or anomalies in the observed data. In
particular, when c¢(¢) is sufficiently sparse and the subspace
dimension is sufficiently low, it is possible to recover
the subspace spanned by U, through solving a convex
program [49], [50].

Recently, distributed methods have been developed for
the robust PCA problem. For instance, in the DCO setting,
Kopsinis et al. [51] proposed to tackle a modified problem
of (13) with a distributed subgradient descent method. The
authors therein essentially solve

T

: H H

L nin ;H(I—UU x(t)|p st.U'U=I (69
where we have replaced the Euclidean norm in (3) by
the sparsity-inducing ¢;-norm; Rahmani and Atia [52]
proposed a detection method for samples that are conta-
minated by outlier noise and prune away those samples.
Note that these methods are only compatible with the DCO
setting. For the DRO case, Mardani et al.i [53] proposed
an ADMM algorithm for the corresponding robust PCA
problem.

B. Distributed Canonical Correlation Analysis

As a closely related problem to PCA, the canonical
correlation analysis (CCA) problem [54] is widely applied
in blind source separation, array processing, medical imag-
ing, and word embedding; see [55]-[57] for the applica-
tions.

In a nutshell, the CCA problem involves simul-
taneously analyzing two data sets of paired data,
{x(t)}, {y ()}, where x(t) € C™* and y(t) € CM2,
in order to find a low-rank structure in the corresponding
cross-correlation matrix R., := E[z(t)y"(t)]. Each of the
two data sets offers a different view of the same latent
structure, e.g., x(t) corresponds to the spelling features
for document ¢ while y(¢) corresponds to the contextual
features. Mathematically, similar to the PCA problem with
p = 1, the CCA problem can be given by

(70)

- WEfe Oy (e
weeMmec™ \Eulz (O] E[oly(0)]]

Efficient algorithms for CCA have been developed, e.g.,
[58]-[60]. However, to the best of our knowledge, the
literature on the distributed CCA problem is lacking except
for a recent work in [61]. Therein, Bertrand and Moonen
considered a DRO setting and applied the idea of alter-
nating optimization to tackle (70). On the down side, the
proposed algorithm only works in a tree-network setting.
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C. Distributed Dictionary Learning

The dictionary learning problem [62]-[64] aims at
learning an overcomplete dictionary which can describe
the data set with a sparse linear combination of the atoms.
Let X € RV*T be the given data set, then the dictionary
learning problem can be formulated as a matrix decompo-
sition problem

min || X — DY |? st |yllo <Ro, t=1,...,T (71)

where the ¢p-norm constraint on the columns of Y and y,
ensures that the problem finds a sparse representation, and
we have D € RV*¥ 'y e R¥*7 such that the dictionary
consists of K atoms. Problem (71) is challenging since both
of its objective function and constraint are nonconvex. As
such, (71) is usually tackled by an alternating optimization
procedure which iterates between two steps: a sparse
coding step for updating Y and a dictionary learning step
for updating D as well as the nonzero elements of Y.

To tackle (71) distributively when the data are orga-
nized with the DCO structure [cf., (11)] one can follow the
cloud K-SVD method in [43] to show how the techniques
in distributed PCA can be applied. For the sparse coding
step, it is obvious that the problem is decomposable due
to the data structure. Let us denote the solution obtained
at this step by Y. For the dictionary learning step,
Raja and Bajwa [43] applied a cyclical update to optimize
each atom (column) of D sequentially. For the kth atom,
we consider

. o (s) S),row
min | X" — di(y7) 7
dj RN

(S),I‘OW)TH%

— min_ | Xz —di(yy (72)
eRN ’

where X is obtained by taking the difference between
X and the contributions from the atoms other than d,
y\"" s the kth row of Y, ygjgrow is the subvector
of y{*™" retaining only the nonzero components of the
latter, and X 5—?) selects the columns of X with respect
oy ™

Importantly, the minimization on the right-hand side
of (72) can be solved by obtaining the top left and right
singular vectors of X S). Note that this is precisely the dis-
tributed PCA problem with DCO data. As proposed in [43],
a DistPM (DCO) method is then applied to compute the
updated atom dj, as well as updating the nonzero elements
in gy ("

We remark that distributed dictionary learning has
also been considered in a number of prior works,
e.g., [65]-[68] with a different approach toward the

solution.
D. Distributed Low-Rank Optimization

Distributed PCA methods can also be applied as a sub-
routine to solve low-rank multiagent optimization problem
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of the form

mingegmicme 3. fi(6) st 0. <R (73)
which includes problems such as matrix completion
as special cases [69]. Note that |@|. denotes the
nuclear norm of the matrix 6. Each of f;(0) is the loss
function attributed to the partition of data available at the
ith agent/machine, which is assumed to be continuously
differentiable but possibly nonconvex. Importantly, in the
above, the observed data can be split in an arbitrary
fashion.

For large-scale problems with mi,m2 > 1, a popu-
lar method is to apply the so-called projection-free (also
known as Frank-Wolfe) algorithms [70], which amounts
to finding the top singular vector of the gradient matrix
at each iteration. Obviously, the top singular vector can
be found using the PCA methods. Furthermore, as the
gradient matrix is simply a sum of the local gradients, the
associated PCA problem admits a DCO data structure. To
this end, Wai et al. [44] applied the DistPM (DCO) with
a set of carefully designed, time-varying parameters L, K
as a subroutine to tackle (73) in a distributed fashion, and
the authors showed that the resulting decentralized Frank-
Wolfe algorithm [71] converges at desirable rates for both
convex and nonconvex instances of (73). Similar effort can
also be found in [72] for the master—slave architecture.

As an alternative, it is worthwhile mentioning that a
heuristic solution to the matrix completion problem [69]
[when the loss functions in (73) are squared Euclidean
distances between entries of @ and the observed data] can
be found by iteratively computing the top singular vectors
from a set of partially observed data, following the pro-
cedure proposed in [73]. Once again, this procedure can
be applied to a distributed setting adopting the distributed
PCA methods reviewed in this paper.

E. Open Problems

A problem in which the literature is lacking is in tackling
the PCA problem distributively with irregularly partitioned
data. The data may conform to neither the DCO nor the
DRO type exactly, but be divided in an arbitrary fashion.
The resulting PCA problem would essentially require each
agent to infer the missing entries simultaneously as it
computes the principal components.
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